Abstract -Magnetic Particle Imaging (MPI), a molecular imaging modality that images biocompatible superparamagnetic iron oxide tracers, is well-suited for clinical angiography, in vivo cell tracking, cancer detection, and inflammation imaging. MPI is sensitive and quantitative to tracer concentration, with a positive contrast that is not attenuated or corrupted by tissue background. Like other clinical imaging techniques, such as computed tomography, magnetic resonance imaging, and nuclear medicine, MPI can be modeled as a linear and shift-invariant system with a well-defined point spread function (PSF) capturing the system blur. The key difference, as we show here, is that the MPI PSF is highly dependent on scanning parameters and is anisotropic using only a single-imaging trajectory. This anisotropic resolution poses a major challenge for clear and accurate clinical diagnosis. In this paper, we generalize a tensor imaging theory for multidimensional x-space MPI to explore the physical source of this anisotropy, present a multi-channel scanning algorithm to enable isotropic resolution, and experimentally demonstrate isotropic MPI resolution through the construction and the use of two orthogonal excitation and detector coil pairs.
for clinical molecular imaging applications like angiography [7] , [11] [12] [13] , cell tracking [5] , [6] , [14] , cancer detection [15] , and inflammation imaging [7] .
Since the first introduction of the technique [1] , there have been many significant technological advancements in instrumentation [16] [17] [18] [19] [20] [21] [22] [23] [24] , particle physics [25] [26] [27] [28] [29] [30] [31] , imaging theory and reconstruction [7] , [19] , [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] , safety [42] , [43] and developments in biomedical applications [5] [6] [7] , [11] [12] [13] , [44] .
Current spatial resolution in MPI, at millimeter scales, can further be improved via an array of strategies. Different efforts to improve MPI resolution and image quality have included optimizing nanoparticles for resolution and sensitivity [25] , [45] , simulating different trajectories for better image quality [46] , proposing and building scanners with stronger gradient field [20] , [32] , [38] , [47] , [48] , and signal deconvolution with a tolerable trade off in SNR loss [8] .
In this work, we aim to achieve isotropic MPI resolution by analyzing the physical mechanisms behind the MPI imaging process. As we show analytically here, the MPI point spread function (PSF) is unique among imaging modalities because the image resolution is dependent on the scanning trajectory and is anisotropic with only one scanning trajectory. Fig. 1illustrates this anisotropy. The experimental imaging "Cal" phantom ( Fig. 1a) has approximately constant luminal diameter. However, when only a single excitation/receive channel is used for image acquisition (Fig. 1b and c) , the resulting images show nonuniform intensity variations along the lumen. As we show in §II, these variations are highly dependent on the scanning parameters. This sort of variation make it difficult for MPI to measure blood vessel diameter in a tortuous vessel. In order to produce robust, high-quality images, the native MPI image should not depend on scanning parameters. In this paper, we implement two orthogonal excitation and detection coils, and demonstrate theoretically and experimentally that, with proper choice of MPI scanning trajectory and image processing, we are able to make native MPI image resolution isotropic independent of the scanning trajectory, thus making it more accurate for clinical diagnosis. Our theory indicates that the linear combination of scans acquired using orthogonal MPI drive field-trajectories enables a two-dimensional isotropic image, as seen in Fig. 1d . In this paper, we first describe the theory behind MPI image anisotropy and a robust algorithm for achieving isotropic resolution, then present our multichannel hardware implementation, and finally present isotropic MPI phantom imaging results.
II. THEORY
The physical mechanism and imaging theory of MPI has been well-described in literature [1] , [38] , and conceptual illustrations of the technique can be found in the review literature [7] , [11] , [49] . Briefly, a magnetic field gradient is used to magnetically saturate all SPIO particles outside a central FFR. By translating the FFR relative to the SPIO locations, as by the use of drive coils, the SPIO magnetization can change according to Langevin physics, giving rise to a detectable signal via Faraday induction. This signal can be mapped to the instantaneous location of the FFR for image reconstruction, which is an (LSI) technique with a wellmodeled PSF [37] [38] [39] . We have shown this multidimensional MPI PSF to be spatially anisotropic [39] .
In this section, we first investigate the source of the anisotropy inherent to the MPI PSF, then explore the necessary and sufficient conditions to produce an isotropic PSF. Finally, using a tensor formulation of the MPI x-space imaging theory, we show that the MPI PSF is highly dependent on imaging trajectory and can be made isotropic via the use of summed orthogonal scans.
A. MPI PSF Is a Combination of Two Imaging Envelopes
We have previously demonstrated theoretically and experimentally that, with baseline recovery to restore the lost DC image component along each partial field of view (pFOV) in the scan [37] , MPI is a linear and shift-invariant (LSI) system [39] . We can therefore analyze MPI resolution by exploring its PSF, which has been described in detail in [39] . Assuming that the SPIO response is instantaneous to the applied drive field, we begin with the generalized multidimensional MPI time-varying signal equation, which is dynamically dependent on the drive field:
where x is the location vector within the imaging field of view (FOV), B 1 (x) is the sensitivity matrix of the MPI receiver coil with form
T , m is the SPIO magnetic moment, ρ (x) is the SPIO particle distribution, * * * is the 3D convolution operator, H sat is the saturation field strength of the magnetic tracer, h (x) is the multidimensional MPI PSF, x s (t) is the instantaneous field-free region (FFR) location, andẋ s (t) is the instantaneous FFR velocity vector, which is produced by the MPI drive coils. For x-space image reconstruction, the MPI time signal is normalized for the FFR velocity and mapped into x-space [38] , [39] . Assuming spatially homogeneous MPI receiver coils and rewriting and simplifying Eqn. 1 for spatially constant terms, the generalized MPI imaging equation becomes:
whereρ (x) is the reconstructed image, u b is the receiver coil sensitivity unit vector, and u a (t) =ẋ
is the scanning trajectory unit vector. Following [39] , we express the PSF as:
where L is the Langevin function that describes the nonlinear particle magnetization, G is the gradient field matrix that has the form For analysis, we decompose this PSF into the sum of tangential and normal components:
The tangential and normal components are respectively scalar envelopes E T (x) and E N (x) weighted by spatially varying weighting matrices W T (x) and W N (x):
Of the two PSF envelopes, the tangential envelope E T (x) arises from the change in SPIO magnetic saturation and has the shape of the derivative of the Langevin curve (Eqn. 6). The normal envelope, E N (x), arises from the rotation of the bulk magnetization to align with the time-varying magnetic field direction (Eqn. 7. E N (x) is approximately 2.6× worse fullwidth half-maximum (FWHM) spatial resolution than E T (x). Further, E N (x) has a slow and undesirable drop-off with distance as 1/ Gx , which manifests as a low-frequency background haze and significantly reduces image contrast and resolution.
B. A Tensor-Based Theory of Multidimensional X-Space MPI
A closer look at the MPI PSF shows that, while E T (x) and E N (x) are scalar fields, W T (x) and W N (x) are 2 nd order tensors. Hence h(x) is also 2 nd order tensor for each position x. It is important to note that h(x) (Eqn. 4) only depends on the tracer magnetic property H sat and the gradient field strength G, and is independent of scanning direction for adiabatic particle responses [39] .
For a field-free point (FFP) scanner, the tensor PSF h (x) ∈ R 3×3 , and we can enumerate elements of the PSF tensor as scalar images h i j (x):
The MPI tensor image is similar in concept to diffusion tensor imaging in Magnetic Resonance Imaging (MRI), where the value at each spatial position is not a scalar intensity, but is instead a tensor comprised of directional diffusion coefficients and their covariances. We generalize the MPI imaging equation in [39] (Eqn. 12) to be the scalar nanoparticle density convolved with this tensor PSF. The resulting multidimensional MPI image (x) ∈ R 3×3 is also a tensor, and can be expressed:
where ρ (x) is the nanoparticle distribution, andρ i j (x) are the enumeration of each element of the multidimensional image tensor (x) and are individually scalar images. We note that mathematicallyρ i j (x) = ρ (x) * * * h i j (x) and is merely the convolution of the input nanoparticle distribution with the corresponding scalar element of the PSF tensor.
C. Probing the Multidimensional Image Tensor With
Drive/Receiver Field Trajectories MPI images are formed by translating the FFR using drive field scanning trajectories and detecting the SPIO signals with a set of receiver coils with varying coil sensitivity profiles [39] . Using a drive field along an unit arbitrary trajectory vector u a (t), and a receiver coil with unit coil sensitivity u b (t), as in Eqn. 3, the image produced is a projection of the native tensor image (x) onto the two respective vectors:
is the acquired scalar image using this set of drive and receiver trajectories. The concept of acquiring a scalar image by projecting an imaging tensor onto predefined axes is analogous to diffusion-weighted imaging (DWI) in MRI, where the diffusion tensor is projected onto a predetermined axis to form a scalar image of the directional diffusivity of water only along that axis.
Current MPI instruments are built with a fixed set of excitation and reception coils along the cardinal instrument axes (e 1 , e 2 , and e 3 ). When we use one drive coil in direction e j and one receiver coil in direction e i , the resulting MPI image selects the scalar elementρ i j (x) from the multidimensional tensor image (x). For example, if we only use drive and receiver coils along the x-direction (e 1 ), we get the collinear image along the instrument x-axis, which is also the 1 st diagonal elementρ 11 (x) of (x). On the other hand, if we use a y transmit coil to excite along e 2 and an x receive coil to receive along e 1 , we get the transverse imageρ 12 (x), which is an off-axial element of (x). We showρ 11 (x) and ρ 12 (x) for point sources in Fig. 2 , which also decomposes the PSFs into the two tangential and normal envelopes and their corresponding weighting matrices. The envelopes are radially symmetric and their FWHM determines the resolution of the PSF; whereas the weighting matrices are radially varying and asymmetric, and thus govern the anisotropy of the PSF. A diagram illustrating the physical mechanism of the anisotropy is shown in Figure 3 . Notably, whereas the collinear PSF contains only positive values, the transverse PSF contains both positive and negative values, which arises from the positive and negative components in the projection of the weighting matrices on e 1 and e 2 .
In practice, the excitation and detection vectors can be time-varying and along any arbitrary direction. Examples of time-varying excitation trajectories include Lissajous or spiral FFP trajectories [46] . Notably, the detection vector can also be time-varying, which is feasible through a dynamic linear combination of time-varying signals from multiple receiver coils. Eqn. 11 shows that, as a result of a time-varying excitation and receiver trajectory, the instantaneous image intensity obtained,ρ u a ,u b (x), is a linear combination of the Fig. 2 . Decomposition of collinear (top) and transverse (bottom) MPI PSFs, assuming spatially homogeneous receiver coil sensitivities. Each PSF is the sum of tangential and normal components, which are the multiplication of a radially symmetric envelope (E T x and E N x ) by a spatially asymmetric weighting matrix (W T x and W T x ), projected onto the drive/receiver trajectories (respectively e 1 and e 1 for the collinear PSF, e 1 and e 2 for the the transverse PSF). These non-isotropic weighting matrices cause the native MPI PSF to be rotationally anisotropic. Importantly, the transverse PSF contains positive and negative components, because the projection of the weighting matrices W T x and W N x onto the drive/receiver trajectories e 1 and e 2 ranges from negative to positive values. (c) Two methods for bulk SPIO magnetization response to FFR movement: (top) the SPIO magnetization magnitude changes rapidly and intensely following Langevin physics, xor (bottom) SPIO magnetization magnitude remains unchanged, but slowly rotates to align with the instantaneous FFR location [32] , [39] . These mechanisms yield signals with significantly different amplitudes and extent in both the received signal and the MPI image, show in (d).
scalar components of the tensor image (x) with respect to the instantaneous u a (t) and u b .
We note that each scalar image elementρ i j (x) has different imaging properties (see Fig. 2 ). Therefore, properties of the acquired image is dependent on how these scalar images are combined through differing trajectories u a (t) and u b (t). It becomes clear that the MPI imaging trajectory can be chosen to optimize parameters such as resolution, SNR, magnetostimulation, and scan time. In this paper, we demonstrate a choice of trajectory to improve resolution, where we use two simple linear scans to sample the elementsρ 22 (x) andρ 33 (x) with no noise gain. However, this tensor imaging formulation can be easily adapted to analyze other trajectories with no mathematical difference.
D. Excitation / Reception Trajectory Dependent Anisotropy
Each scalar component of the image tensorρ i j has different directional anisotropy. This is visually apparent in Fig. 1bc , which shows distinct differences betweenρ 22 andρ 33 , imaged along the y and z directions in a 7 Tm −1 FFP scanner. The reason for this is that the projection of the PSF, h( x), onto the cardinal instrument axes e i , namely, h ii (x), is itself directionally anisotropic (visualized in Fig. 4a and b) . Assuming a spatially homogenous detector coil sensitivity, we can decompose h ii (x) using Eqns. 5 and 11:
The envelopes E T (x) and E N (x) are radially isotropic regardless of the scanning trajectories (Fig. 2) . The directional anisotropy of h ii (x) is thus due to the projection of the weighting matrices W T (x) and W N (x) onto the excitation and detection vectors, i.e. e T i W T (x) e i and e T i W N (x) e i (shown in Fig. 2c and e ).
E. Achieving Isotropic Resolution With Multiple Orthogonal Scans
In this section, we show that a simple summation is sufficient to eliminate MPI image anisotropy for improved resolution. The technique presented here is deterministic (e.g. does not require choice of any regularization parameters), and also reduces image noise through averaging.
We first normalize the orthogonal collinear images (i.e.ρ ii ) by the gradient strength along each direction, then sum the resulting images together. With some effort (see Appendix A), we can prove that such a summation results in isotropic resolution. These normalization and summation operations can be succinctly expressed for a FFP imager:
whereρ(x) is the summed image and G ii is the (i, i ) th element of the gradient matrix G. We note in Eq. 13 thatρ(x) no longer has weighting matrix dependencies. Removing the W T (x) and W N (x) dependence is powerful and produces an image that does not depend on scanning direction. We can see the improvement in image quality as we change from anisotropic to isotropic in Figure 4 , where we show the yz cross-section of two orthogonal collinear PSFs probed along y and z axes (h 22 and h 33 ), as well as the sum of these PSFs. We also see that this holds experimentally for Figs. 1d and 6d.
F. Projection MPI Improves Resolution Over 3D
For a field-free line (FFL) scanner, we only need to make some minor modifications to Eq. 9 to make it a double convolution in addition to changing the dimensionality of the matrices to h, ∈ R 2×2 .
It is possible to extend Eq. 13 to FFL projection imaging with modest changes to the analysis [19] , [20] . Again, summing the collinear images (ρ ii ) following the method shown in the Appendix gives us an isotropic imagê
This result shows that, fundamentally, a combined imagê ρ (x) from a FFL gradient will have better resolution than a 3D FFP imager with the same gradient strength. This is because the summed image in a FFL scanner is comprised of one part E T , which has higher spatial resolution, and one part E N , which is lower resolution, in comparison to a FFP scanner which is the sum of one part E T and two parts E N .
III. METHODS AND MATERIALS

A. MPI Multichannel Hardware Design
Here we describe the design and construction of multichannel drive and detector coils used to achieve isotropic resolution in X-space MPI. Here we have chosen to implement two full channels along the y and z cardinal instrument axes of a FFP 7 T/m MPI scanner at UC Berkeley (e 2 and e 3 ) to partially demonstrate this concept, due to bore size and power limitations in the existing system. We chose these axes to take advantage of the natural resolution benefit along the x-axis, as the gradient strength along x is 7 T/m, which is twice higher than that of y and z and thus yields 2-fold higher spatial resolution. Here we aligned the drive and receiver coils with the instrument axes, which enabled conventional solenoidal and saddle coil designs. Moreover, as shown in the previous section, this two-channel implementation is necessary and sufficient for isotropic resolution for FFL-based projection and 3D imaging.
We operated drive coils independently to produce linear scanning trajectories, which was capable of fully sampling the (2, 2) and (3, 3) diagonal elements of ( x), as presented in Eq. 10, separately and with no noise gain. This implementation could be further modified to form different time-varying trajectories via the use of an additional decoupling matrix in the hardware between y and z channels, to minimize channel cross-talk through the mutual inductance of the drive coils which may induce non-negligible current in the orthogonal coil and cause the drive field trajectory to differ from the desired FFR trajectory.
B. MPI Multichannel Hardware Implementation
All the experiments were performed on a FFP scanner [50] developed at UC Berkeley (Fig. 5a ). To enable multichannel acquisition, we built two orthogonal excitation and receive channels. Fig. 5b) shows the two excitation coils. The transverse coil was a double layered Golay coil pair (7 turns/layer, 12.7 cm long) made out of thin copper sheet (2 mm thick) cut out by a Dremel tool (Robert Bosch Tool Corp., Germany) mounted on a robot stage programmed in MATLAB (Mathworks, MA, USA). The two layers were separated and insulated by Kapton tape (Dupont, DE, USA, 1 mil), jointed by soldering, and formed on G-10 tubing (ID = 2.75 in, OD = 3.15 in). On top of the transverse coil, we wound a solenoidal coil with hollow magnet wire. The transmit coil assembly was then encapsulated by heat conductive epoxy under vacuum and integrated into the scanner. Two AE 7796 power amplifiers (AE Techron Inc., IN, USA) and custom low-pass filters for feedthrough interference were connected in series to power the transmit coils. We also custom built two orthogonal receive coils with homogeneous reception in the imaging volume. Gradiometer configuration is implemented to cancel direct feedthrough (Fig. 5c) . The coil body was designed with Solidworks (SolidWorks Corp., MA, USA) and 3D printed (3D Systems, Inc., SC, USA), and wound with 24 AWG-equivalent Litz wire (MWS Wire Industries, CA, USA). The receiver coils were connected to custom bandstop filters to minimize direct feedthrough interference before signal amplification with a custom preamplifier and digitization.
C. Phantom Construction
To validate the resolution improvement from combined multichannel MPI imaging, we constructed three different imaging phantoms, all were laser engraved out of an acrylic plate.
First, we constructed a "Cal" phantom ( Fig. 1) , which has approximately 2 mm uniform channel width throughout the phantom. The channels were then injected with undiluted Micromod nanomag-MIP particles (micromod Partikeltechnologie GmbH, Germany).
We also constructed a resolution phantom (Fig. 6a ) with 6 evenly distributed groups of channels around the circumference of the phantom. Within each group, the channels are separated by a controlled distance ranging from 3 to 0.5 mm. We then injected the channels with 5× diluted Micromod nanomag-MIP particles and sealed the channels with clear nail polish.
D. MPI Experimental Scanning Parameters and Image Reconstruction
MPI experiments were performed using linear drive field trajectories. In each set of experiments, we acquired two orthogonal collinear scans. In each scan, the FFP is excited sinusoidally in either y or z axis with the corresponding RF coil to create a PFOV [37] . Both channels have RF excitation field strengths of 30 mTpp at 20.05 kHz excitation frequency. The PFOV is then rastered with a Cartesian trajectory across the entire imaging FOV, as seen in Fig. 5d . Mechanical movement of the sample occurs in the z axis with 67% pFOV overlap.
For the "Cal" phantom, the imaging FOV for collinear y scan is 2 by 4.1 by 10 cm along the x, y and z axis respectively. The scan time was 7.5 min. The imaging FOV for collinear z scan is 2 by 4.5 by 9.9 cm, with a scan time of 2 min.
For the resolution phantom, the imaging FOVs for both channels were 2 by 4.5 by 4 cm, with a y scan time of 3.75 min, and z scan time of 1 min.
To reconstruct isotropic x-space MPI images, we first reconstruct each collinear channel image separately using x-space reconstruction [37] , [39] . Following the algorithm presented in Eq. 13, we then normalize each reconstructed MPI image by the receive coil sensitivity, interpolated each image onto the same image-domain sampling density, and summed the images to form a composite isotropic-resolution image.
IV. RESULTS
A. Multi-Channel MPI Hardware Specifications
An image of the constructed multi-channel MPI drive and detector coils is shown in Figure 5 (b) and (c) . The drive field coils were able to produce 40 mTpp field using 1.6 kW and 2.7 kW in the axial and transverse directions, respectively. This corresponds a total pFOV size of 11.4 mm along the drive field direction [37] . Combined with additional high-inductance electromagnets along the the scanner's x-and y-cardinal directions (not shown), the scanner has a maximum x-y plane FOV of 4×4 cm. The z-axis FOV can be arbitrarily long for typical scans, as the animal is translated relative to the FFR via the use of a robot stage along the z-axis akin to computed tomography techniques.
The sensitivity of the axial and transverse detector coils is 860 μT/A and 420 μT/A respectively. For multi-channel imaging, reconstructed images for each drive channel were normalized in amplitude by the detector coil sensitivity prior to reconstructing isotropic-resolution MPI images.
B. Experimental Verification of Isotropic MPI Spatial Resolution
We used the multi-channel FFP MPI system to scan SPIO imaging phantoms to test our algorithm for achieving isotropic spatial resolution (Figs. 1 and 6 ). Figure 1 shows an acrylic "Cal" phantom with laser-cut channels filled with SPIO tracer. Single-channel MPI images acquired in the y-and z-directions showed anisotropic resolution and signal dropouts along segments of the channel parallel to the drive field direction. This is consistent with descriptions of the single-channel MPI PSF in literature [39] as well as our theory and simulations in Figs. 2 and 4 , where the normal component of the PSF, which is shown to have poor spatial resolution, is orthogonal to the drive field direction. After normalizing the respective singlechannel images by the gradient strength and the detector coil sensitivity, the combined image in Fig. 1 d shows isotropic resolution and recovery of the image intensity dropouts along the channel. Fig. 6 shows a resolution phantom filled with SPIO tracer, with channel width and channel separation distance both ranging from 0.5 mm to 3 mm. Subfigures b and c show the two orthogonal collinear scans in the horizontal and vertical directions respectively, both showing anisotropic resolution. In the y-channel scan (Fig. 6b) , the 1 mm and 1.5 mm separation distance channels are distinguishable within the reconstructed image, though the 2 mm channels are indistinguishable, because of the poor spatial resolution along the z-axis. In the z-channel scan (Fig. 6c) , the 2 mm channels are clearly distinguishable, but the image suffers from increased blurring along the y-direction. After normalizing the two scans and combining them, the result shown in Fig. 6d shows isotropic resolution. Specifically, all phantom channels down to 1.5 mm are distinguishable regardless of their rotational orientation within the FOV.
V. DISCUSSION
In this work, we identified the source of image anisotropy in Magnetic Particle Imaging by decomposing the MPI PSF into tangential and normal envelopes that are anisotropically weighted depending on image acquisition trajectory parameters. Using this analytical framework, we then demonstrated mathematically and experimentally that isotropic spatial resolution in MPI can be made achieved via the use of combined orthogonal multi-channel scans. This algorithm is simple, well-conditioned, and only requires the addition of orthogonal MPI drive and detector coils. Further, our algorithm does not operate on the raw MPI time-signal, but operates on the images after they are reconstructed. Hence, system timing delays arising from propagation delays in the DAQ, amplifier, filters, or phase offsets in the reactance of the transmitter are already calibrated for image reconstruction and do not affect the multi-channel isotropicity algorithm. Below we discuss the implications of this work on future work in MPI theory, scanning trajectories, and scanner design.
A. Implications of E T and E N on Spatial Resolution
Here we described in detail two competing mechanisms that produce signal in MPI: SPIO magnetization and demagnetization following the Langevin curve (E T ) and the rotation of the magnetic moment to align with the applied field (E N ). For improved spatial resolution, it would be desirable to acquire only the higher-resolution E T signal component. However, we demonstrated here that the received signal is comprised of a mixture of these two mechanisms acquired simultaneously, and is present for any combination of drive field trajectories and detector coil orientations (i.e. any component of the image tensor (x)). This implies that simple signal processing techniques (e.g. scanning trajectories, analog filtering, or time domain digital filters) cannot separate these two physical processes from each other. The algorithm presented here results in a PSF which is comprised of a mixture of both the tangential and normal envelopes (Eqn. 13), with a FWHM resolution between that of the two envelopes. While it is possible to sharpen the images via the use of nonlinear operations like multiplication and logarithms, these would cause the MPI images to lose their LSI properties. However, it may be possible to characterize and compensate for the excessive low-frequency signal components in the PSF arising from E N via the use of a density-compensating equalization filter, similar to the filtered backprojection method used in CT imaging.
We note here we have assumed an adiabatic SPIO response, whereby the particle response is instantaneous to the applied field and has been shown to be accurate for many formulations of SPIOs and MPI scanning parameters [11] , [39] . However, as magnetic relaxation effects increase for varying SPIO particles (of larger core diameters, for example), MPI image resolution and (SNR) can suffer significantly [31] .
B. Implications of MPI Imaging Tensor for Scanning Trajectory Design
Here we demonstrated that the MPI signal is acquired and modulated by probing a multidimensional MPI image tensor using different combinations of drive field trajectories and receiver coil configurations. This tensor-based understanding of the PSF may lead to future improvements in spatial resolution and scanning speed. Specifically, we showed that combining orthogonal Cartesian drive field trajectories is sufficient for achieving isotropic resolution. But this scanning scheme requires multiple x-space temporal acquisitions with orthogonal scanning channels. Other imaging trajectories are also possible and may increase scanning speed, but our analysis in Eqns. 17 and 18 suggest that x-space isotropic resolution is only achievable for combinations of trajectories which can orthogonally sample each point in x-space. Moreover, we note that our algorithm holds for trajectories where the drive field direction and detector coil orientation are collinear. For dynamically changing drive field trajectories, a temporallyweighted combination of signals from orthogonal detector coils might suffice for this purpose.
Another implication of the tensor analysis MPI signals is in the potential utility of the off-diagonal image tensor components in Eqn. 10. We showed in Fig. 2 that the off-diagonal tensor PSF contains modified weighting matrices and both positive and negative image signal components. While it is uncertain whether such off-diagonal tensor images may be useful in improving spatial resolution, which is a topic that merits further analysis, one application of these images could be to improve image SNR by enforcing data consistency as part of the forward model used in optimized image reconstructions [51] .
The algorithm proposed here may also be readily adapted to other MPI techniques, such as slice-scanning mode travelingwave MPI [52] , provided that orthogonal collinear image tensor componentsρ ii (x) are fully sampled during signal acquisition.
C. Advantages of FFL MPI Designs
Here we show MPI scans using FFL magnetic gradients, advantage over FFP scanners in resolution, along with their established advantages in SNR and imaging speed. It has been previously shown that FFL-based MPI scanners, which form project images that integrate all SPIO signal along the axis of the FFL, can achieve up to an order-of-magnitude faster imaging speed from 3D FFP scans [18] . FFL-based projection scans can be rotated to form a 3D image using algorithms like filtered backprojection, akin to CT reconstructions, which result in order-of-magnitude improvements in SNR over FFP 3D scans along with higher radial image resolution [16] , [19] , [53] .
Further, Maxwell's equations dictate that the FFP scanner gradient field must be higher in one dimension (the x-axis, in our setup) than the other two dimensions. Hence, our algorithm, applied to 3-channel orthogonal MPI scans, would result in a PSF that are isotropic in the yz-plane but with improved FWHM resolution along the x-axis, forming a wellbehaved, oblate spheroid shaped-PSF in 3D. In contrast, for FFL scanners, our multi-channel algorithm results in wellbehaved isotropic PSFs, since the magnetic gradient is zero along the FFL direction. Finally, the use of FFL MPI imaging with our algorithm enables a higher-resolution image than an FFP scanner, owing to the result that the projection FFL PSF contains only one part of the low-resolution E N component (Eqn. 14), compared to two parts for a FFP scanner (Eqn. 13). These attributes, combined with the improved sensitivity, speed, and radial resolution already described for FFL images, may make FFL MPI designs more advantageous than FFP scanners for clinical applications.
VI. CONCLUSION
In this work we showed that MPI images are acquired by probing an image tensor using specific drive field and detector scanning trajectories. Using this analysis, we proved and experimentally demonstrated that we can reshape the MPI PSF to be isotropic and well-behaved with multi-channel acquisition, enabling improved MPI resolution and opportunities for optimizing MPI trajectory design.
APPENDIX A. Proof of Isotropic Resolution via Combined Orthogonal Collinear Scans
In this section, we will prove that by combining three orthogonal collinear scans for FFP MPI scanners, we can achieve isotropic MPI resolution. As shown in Eq. 13, the analytic expression of the combined three orthogonal collinear scans isρ 
As has been shown, the two envelopes E T ( x) and E N ( x) are isotropic. Therefore, for the entire equation to remain isotropic, it hinges on the isotropy of 
where we make the substitution of 
Hence, the anisotropy from the weighting matrix W T ( x) and W N ( x) are removed after weighted summation of three orthogonal MPI scans.
